The notion of frequency response functions has been generalized to nonlinear systems in several ways. However, a relation between different approaches has not yet been established. In this paper, frequency domain representations for nonlinear systems are uniquely connected for a class of nonlinear systems. Specifically, by means of novel analytical results, the generalized frequency response function (GFRF) and the higher order sinusoidal input describing function (HOSIDF) for polynomial Wiener-Hammerstein systems are explicitly related, assuming the linear dynamics are known. Necessary and sufficient conditions for this relation to exist and results on the uniqueness and equivalence of the HOSIDF and GFRF are provided. Finally, this yields an efficient computational procedure for computing the GFRF from the HOSIDF and vice versa.
Introduction
Important research has been done to extend frequency domain analysis and modeling techniques to nonlinear systems. For linear and time invariant (LTI) systems, frequency domain techniques have resulted in a widespread acceptance in the engineering community for analysis, modeling and controller design. However, the linearity assumption can only be satisfied to a certain extent for physical systems.
The widespread acceptance of frequency domain techniques for LTI systems has been a strong motivation for the extension of these methodologies for nonlinear systems. In Billings and Tsang (1989) and Lang, Billings, Yue, and Li (2007) the generalized frequency ✩ This work was carried out as part of the Condor project, a project under the supervision of the Embedded Systems Institute (ESI) and with FEI company as the industrial partner. This project was partially supported by the Dutch Ministry of Economic Affairs under the BSIK program. This work was supported in part by the Fund for Scientific Research (FWO-Vlaanderen), by the Flemish Government (Methusalem), and by the Belgian Government through the Interuniversity Poles of Attraction (IAP VI/4) Program. The material in this paper has not been presented at any conference. This paper was recommended for publication in revised form by Associate Editor Er-Wei Bai under the direction of Editor André L. Tits. response function (GFRF) for nonlinear systems has been defined. An alternative frequency response function for nonlinear systems is considered in Pavlov, van de Wouw, and Nijmeijer (2007) . In Schoukens, Pintelon, Dobrowiecki, and Rolain (2005) , frequency response based techniques for linear systems are extended to analyze the validity of a linear approximation of nonlinear systems. Finally, in Nuij, Bosgra, and Steinbuch (2006) and Rijlaarsdam, Nuij, Schoukens, and Steinbuch (2011a,b) , generalizations of frequency response functions, called higher order sinusoidal input describing functions (HOSIDF), for nonlinear systems are investigated that only represent a relevant subset of nonlinear effects in terms of input signal classes.
Although seemingly different approaches have been independently developed to analyze and represent nonlinear systems in the frequency domain, the differences and equivalences between alternative methods have not yet been established. In this paper an explicit, analytical relation between the GFRF and HOSIDF is established for a specific class of nonlinear systems. Apart from providing valuable insight into the mechanisms that generate the HOSIDFs and GFRFs, these results allow one to formalize statements on uniqueness and equivalence of both model types. Finally, this leads to an efficient procedure for computing the GFRF from the HOSIDFs and vice versa.
The paper is organized as follows. In Section 2, the GFRF and the HOSIDF are defined. Then, in Section 3, the main contribution of the paper is presented, that explicitly relates the GFRF and HOSIDF for polynomial Wiener-Hammerstein systems. Finally, in Section 4 conclusions are presented. x(t)e −2πiξ t dt, with ξ ∈ R the frequency in Hz. Next, define the corresponding single-sided spectrum X (ξ ) = 2F {x(t)} ∀ξ > 0, X (ξ ) = F {x(t)} for ξ = 0 and X (ξ ) = 0 ∀ξ < 0. Moreover, vectors containing specific spectral components X [ℓ] = X ((ℓ − 1)ξ 0 ) at harmonics k = ℓ − 1 of ξ 0 are denoted in capital Roman letters. Finally, all systems considered in this paper are singleinput, single-output (SISO), time invariant and R >0 = {x ∈ R|x > 0}. The following class of block structured nonlinear systems is considered throughout this paper.
Definition 1 (PWH Systems). Consider the system depicted in Fig. 1 , which consists of a series connection of a linear time invariant (LTI) block G
The system has one input u(t) ∈ R, one output y(t) and intermediate signals q(t) and r(t). The nonlinearity ρ is a static, polynomial mapping of degree P and coefficients α p ∈ R, i.e.
(1)
Frequency response functions for nonlinear systems
In this section, two notions of frequency response functions for nonlinear systems are defined. First, the GFRF is defined. Hereto, let the nonlinear system be represented by its Volterra series (Schetzen, 1980) . In this case the input-output dynamics are captured in a series of Volterra kernels, where the corresponding
which is a nonlinear generalization of the impulse response of LTI systems. The response y(t) ∈ R of such a system with input u(t) ∈ R equals
The multiple Fourier transform of the pth-order Volterra kernel then yields the corresponding pth-order GFRF.
Definition 2 (T p (ϖ p ): GFRF).
Consider a system that can be represented by a Volterra series (2). Then its pth-order GFRF
(see Billings & Tsang, 1989; Eykhoff, 1974; George, 1959; Schetzen, 1980 
where ϖ p [ℓ] = ξ ℓ denotes the ℓth element of ϖ p = (ξ 1 , ξ 2 , . . . , ξ p ).
(Proof: Shanmugam & Jong, 1975) Next, a different approach to frequency domain analysis and modeling of nonlinear systems, using the higher order sinusoidal input describing function (HOSIDF), is introduced. In Nuij et al. (2006); Rijlaarsdam et al. (2011b) the dynamics of a class of SISO uniformly convergent nonlinear systems (Pavlov, Pogromsky, van de Wouw, & Nijmeijer, 2004) are considered when such system is subject to a sinusoidal input:
with γ , ϕ 0 ∈ R and ξ 0 ∈ R >0 . The output of such system is composed of K harmonics of the input frequency, i.e.
is the kth-order HOSIDF. This describes the response in terms of gain and phase at harmonics of the excitation frequency, ξ 0 , and is defined as in Rijlaarsdam et al. (2011b) .
Definition 3 (H k (ξ , γ ): HOSIDF). Consider a SISO, uniformly
convergent, time invariant nonlinear system subject to a sinusoidal input (6). Next, define the output y(t) and single-sided spectra of the input and output U (ξ ), Y (ξ ) ∈ C. Then, the kth-order higher order sinusoidal input describing function H k (ξ 0 , γ ) ∈ R >0 ×R  → C, k = 0, 1, 2, . . ., is defined as
The following result reveals that the HOSIDFs of PWH systems can be written as an explicit function of the LTI dynamics G ± (ξ ) and the polynomial coefficients α p .
Lemma 2 (HOSIDFs of PWH Systems). For any PWH system, the corresponding HOSIDFs of order 1 and higher are given by
where the variables in (8) are defined in Table 1 .
(Proof: Rijlaarsdam et al., 2011b) .
Connecting the GFRF and HOSIDF
In this section, the GFRFs and HOSIDFs for PWH systems are explicitly related, which constitutes the main result of this paper. Hereto, consider a PWH system with a polynomial nonlinearity (1) of degree P and known linear blocks G ± (ξ ). Then, using Definition 2 and Lemma 1, define
the GFRFs up to order P and Λ(ϖ 1 , ϖ 2 , . . . , ϖ P ) :
P×P is a diagonal expansion matrix containing the expansion terms λ p (ϖ p ) (see (5)) that map the LTI dynamics G ± (ξ ) 
. . , P and 0 otherwise.
and 0 otherwise. With
and polynomial coefficients α p to the GFRFs T p (ϖ p ). Next, consider the sets W p ⊆ R p such that
frequencies that do not correspond to an imaginary axis zero of the LTI dynamics G ± (ξ ) and define ϖ P = {ϖ 1 , ϖ 2 , . . . , ϖ P }. The first step in connecting the GFRF and HOSIDF is to relate the polynomial coefficients α p to the GFRF; see also Lemma 1.
Lemma 3 (Polynomial Coefficients & GFRF). Consider a PWH
system. Then, if and only if ϖ P ∈ W, the following bijective mapping R P  → C P from the polynomial coefficients α p to the GFRF exists:
Proof. The mapping (9) follows directly from (4)- (5) 
Hence, the mapping (9) is bijective if and only if ϖ P ∈ W.
Next, considering Lemmas 2 and 3 and substitution of the inverse of (9) in (8) yields a mapping from the GFRFs to the corresponding HOSIDFs and vice versa.
Theorem 1 (Connecting GFRF and HOSIDF). Consider a PWH system with known LTI dynamics G ± (ξ ). If and only if the following properties hold:
(i) ϖ P ∈ W, and (ii) ξ 0 ∈ R >0 , and (iii) γ ̸ = 0, then the GFRFs and HOSIDFs are uniquely related by the bijective mapping C P  → C P :
Proof. The mapping (10) is bijective if and only ifȒ is of full rank. The matrixȒ is of full rank if and only if all matrices in (10) have full
) and Γ (|G − (ξ 0 )|γ ) are diagonal and are defined and of full rank for finite ξ 0 ∈ R >0 and γ ̸ = 0. Moreover, matrix Λ is of full rank if and only if ϖ P ∈ W (Lemma 3). Finally, analysis reveals thatΩ is upper triangular; see Lemma 2. Next, consider an arbitrary rowΩ ℓ 1 ofΩ with its first nonzero element at the kth column in that row. Now, because of the rule according to whichΩ is generated, any rowΩ ℓ 2 , ℓ 2 > ℓ 1 has a zero element at the kth position. Hence, there is at least one elementΩ ℓ 1 ,k ̸ = ζ Ω ℓ 2 ,k , ζ ∈ R \ {0} and thusΩ ℓ 1 ̸ = ζΩ ℓ 2 . Since ℓ 1 and ℓ 2 are arbitrary, this proves thatΩ has full rank. If γ = 0 or ξ 0 ≤ 0 or ϖ P ̸ ∈ W, thenȒ is singular or undefined since at least one of the matrices in (10) is singular or undefined. Hence, if and only if γ ̸ = 0 and ξ 0 > 0 and finite, and ϖ P ∈ W, the mapping (10) is defined and is bijective. (10) cannot be used to identify the GFRFs from the HOSIDFs. However, this does not imply that the GFRFs cannot be otherwise identified.
Remark 1. Violation of conditions (i)-(iii) implies that
The results from Theorem 1 directly provide results on uniqueness of the HOSIDFs and GFRFs and their properties for linear systems. Proof. Consider a linear PWH system, i.e. ρ : r(t) = α 1 q(t). Then, as an LTI system has a sinusoidal response to a sinusoidal input (6), H k = 0 ∀k ̸ = 1. Next, using (10), the structure ofΩ and the fact that all other matrices are diagonal yields that T p = 0 ∀p ̸ = 1. Conversely, if T p = 0 ∀p ̸ = 1 this implies a linear PWH system and by the same arguments H k = 0 ∀k ̸ = 1.
Lemma 4 (GFRF & HOSIDF for Linear Systems). Consider a PWH
Theorem 1 provides the first connection between the HOSIDF and the GFRF. This yields a clear insight into the mechanism that generates the GFRFs from the HOSIDFs and vice versa. The results presented in this paper yield a bijective mapping between the HOSIDF, which is a representation valid only for sinusoidal inputs, and the GFRF, which is valid for a more general class of input signals. Therefore, the existence of a mapping from the GFRF to the HOSIDF is not surprising. However, the existence of a mapping from the HOSIDF to the GFRF is nontrivial, especially as no knowledge about the nonlinearity is required to define this mapping. It is shown that only knowledge on the linear dynamics is required to connect the GFRF and HOSIDF. That is, the HOSIDF at a single amplitude-frequency combination provides sufficient information for identifying the nonlinearity and uniquely connecting the HOSIDF and GFRF.
The following example illustrates the main results of the paper. 
Example 1 (Analysis of a Nonlinear Amplifier
As illustrated in Fig. 2 , this system fits the structure of a PWH system. Hence, the results of Theorem 1 apply given the knowledge of G − (s) and G + (s). + 1.8 · 10 −7 i] T . Next, by application of (10), the corresponding GFRFs are computed for a range of frequencies and the third GFRF is depicted in Fig. 3 . A comparison of the GFRFs obtained with the results obtained using the exact approach in Shanmugam and Jong (1975) reveals a close correspondence, e.g., the maximum error is close to the computational precision. The corresponding HOSIDFs are computed as in Rijlaarsdam et al. (2011b) and the third-order HOSIDF is depicted in Fig. 4 . 
Conclusion
In this paper a novel connection between two frequency domain methods for the analysis and modeling of nonlinear systems is presented. Specifically, a unique relation between the generalized frequency response function (GFRF) and the higher order sinusoidal input describing function (HOSIDF) is established. An explicit analytical relation between the two is derived for polynomial Wiener-Hammerstein systems and necessary and sufficient conditions are derived for this bijective mapping to exist. Moreover, properties of the GFRFs and HOSIDFs, for linear and time invariant systems are presented. This analysis yields clear insight into the mechanisms that generate the GFRFs and HOSIDFs and provides an efficient method for computing the GFRFs from the HOSIDFs and vice versa.
